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GEOMETRIC SINGULARITIES AND A FLOW TANGENT TO 

THE RICCI FLOW 

LASHI BANDARA, SAJJAD LAKZIAN, AND MICHAEL MUNN 


Abstract. We consider a geometric flow introduced by Gigli and Mantegazza 
which, in the case of a smooth compact manifold with a smooth metric, is tan¬ 
gential to the Ricci flow almost-everywhere along geodesics. To study spaces with 
geometric singularities, we consider this flow in the context of a smooth manifold 
with a rough metric possessing a sufficiently regular heat kernel. On an appro¬ 
priate non-singular open region, we provide a family of metric tensors evolving in 
time and provide a regularity theory for this flow in terms of the regularity of the 
heat kernel. 

When the rough metric induces a metric measure space satisfying a Riemannian 
Curvature Dimension condition, we demonstrate that the distance induced by the 
flow is identical to the evolving distance metric defined by Gigli and Mantegazza 
on appropriate admissible points. Gonsequently, we demonstrate that a smooth 
compact manifold with a finite number of geometric conical singularities remains 
a smooth manifold with a smooth metric away from the cone points for all future 
times. Moreover, we show that the distance induced by the evolving metric tensor 
agrees with the flow of RCD(Ar, N) spaces defined by Gigli-Mantegazza. 
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1. Introduction 

Nearly ten years ago, using the tools of optimal transportation, Lott-Villani [21] and 
Sturm [28, 29] extended the notion of lower Ricci curvature bounds to the setting 
of general metric measure spaces. Among other things, they showed that this so- 
called curvature-dimension condition, denoted CD(A, A) for A G M, A G [1,cxd], is 
stable under measured Gromov-Hausdorff limits and consistent with the notion of 
Ricci curvature lower bounds for Riemannian manifolds. That is to say, for smooth 
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Riemannian manifolds, the CD{K, N) condition is equivalent to having the Ricci 
curvature tensor bounded below by K and dimension of the manifold at most N. 
In a similar way, for a metric measure space (R’,d, p), the CD(R', A^) condition is 
understood to say that X has iV-dimensional Ricci curvature bounded below by K. 

Although CD (A', N) spaces enjoy many favourable properties, Villani shows in [30] 
that such spaces also allow for Finsler structures. This is a somewhat unsettling fact 
as it is known that Finsler manifolds cannot arise as the Gromov-Hausdorff limit 
of Riemannian manifolds with lower Ricci curvature bounds. Even more so, clas¬ 
sical results such as the Cheeger-Gromoll splitting theorem were known to fail for 
general metric measure spaces which are merely GD(iF, N). In order to retain these 
nice properties while also ruling out Finsler geometries, Ambrosio-Gigli-Savare intro¬ 
duced a further rehned version of the curvature-dimension bound requiring that in 
addition, the Sobolev space W^’^(A’) is a Hilbert space. Gombining this condition of 
infinitesimally Hilbertian structure with the classical curvature dimension condition, 
they dehne the Riemannian Curvature Dimension condition, denoted RGD(iF, A^). 

In recent years there has been an increased interest in better understanding the 
hne geometric and analytic consequences of this Riemannian curvature dimension 
condition. There has been a great deal of progress in this direction and a number 
of very deep results describing the structure of these spaces. See, for example, 
recent work of Ambrosio, Gavalletti, Gigli, Mondino, Naber, Rajala, Savare, Sturm 
in [2, 3, 9, 15, 13, 16, 23]. We emphasise that this list is by no means exhaustive, 
and encourage the reader to consult the references within. 

The starting point of our considerations is the paper [15] by Gigli and Mantegazza, 
where they dehne a geometric how for spaces that are possibly singular. There, 
the authors consider a compact RGD(iF, A^) space (A’,d,/i) and dehne a family of 
evolving distance metrics d* for positive time. They build this via the heat how of d 
and /i in Wasserstein space, the space of probability measures on X with the so-called 
Wasserstein metric. The essential feature of this how is when the triple {X,d,fi) 
arises from a smooth compact manifold (Ad,g). In this setting, the evolution dt is 
given by an evolving smooth metric tensor which satishes 


^tgt(7(s),7(s))lt=o = -2RiCg(7(s),7(s)), 

for almost-every s G [0,1] along g-geodesics 7 . That is, gt is tangential to the Ricci 
how in this weak sense. This work of Gigli-Mantegazza gives one direction in which 
one could possibly dehne a Ricci how for general metric measure spaces for alH > 0. 

The latter correspondence is obtained by writing an evolving metric tensor via a 
partial diherential equation. First, at each t > 0, x E A4 and v G T^jAT, they 
consider the continuity equation 


(GE) 


- diVg(pf(x,|/)V(pi,„,^(?/)) = (d,,pf(a:,2/))(u) 





0 . 
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For smooth metrics, the existence and regularity of solutions to this flow are imme¬ 
diate and they dehne a smooth family of metrics evolving in time by 

(GM) gt{u,v){x)= g{V^pt,x,uiy)y^t,x,viy))Pti^,y)df^g{y). 

J M 


While the formulation of this flow for RCD(iF, A^) spaces gives the existence of a 
time evolving distance metric for a possible singular space, it reveals little regularity 
information in positive time. On the other hand, the evolving metric tensor is only 
specihed when both the initial metric and underlying manifold are smooth. 

One of the motivating questions of the current paper is to better understand the 
behaviour of this flow on manifolds with geometric singularities and hence, the 
question of regularity will be a primary focus. Since there are few tools in the setting 
of RCD(iF, N) spaces that are sufficiently mature to extract regularity information, 
we restrict ourselves exclusively to compact manifolds that are smooth, by which we 
assume only that they admit a smooth differential structure. While this may seem a 
potentially severe restriction, we vindicate ourselves by allowing for the metric tensor 
to be rough, i.e., a symmetric, positive-definite, ( 2 , 0 )-tensor field with measurable 
coefficients. Rough metrics and their salient features are discussed in §2.1. 

Such metrics allow a wide class of phenomena, so large that such a metric may not 
even induce a length structure, only an n-dimensional measure. Moreover, they may 
induce spaces that are not RCD. However, this potentially outrageous behaviour is 
redeemed by the fact that they are able to capture a wide class of geometric singu¬ 
larities, including Lipschitz transformations of geometries, conical singularities, 
and Euclidean boxes. These objects are considered in §3.2. 

Our primary concern is when a metric exhibits singular behaviour on some closed 
subset S 7 ^ Ai, but has good regularity properties on the open set A4 \ S. This 
is indeed the case for a Euclidean box, or a smooth compact manifold with finite 
number of geometric conical singularities. In this situation, away from the singular 
part, we are able to construct a metric tensor gt evolving according to (GM). We 
say that two points x,y E M \ S are gt-admissible if for any absolutely continuous 
curve 7 : / —)■ Ad connecting these points, there is another absolutely continuous 
curve Y : I —)■ j\4 between x and y with length (measured via dt) less than 7 and 
for which 7 '(s) G Ad \ 5 for almost-every s. For such a pair of points, we assert 
that the distance dt(x, y), given by the RGD(iF, A^)-flow of Gigli and Mantegazza, is 
induced by the metric tensor g^. The following is a more precise showcasing of our 
main theorem. It is proved in §7. 

Theorem 1.1. Let Ai be a smooth, compact manifold with rough metric g that 
induces a distance metric dg. Moreover, suppose there exists K E M. and N > 0 
such that (Ad,dg,/ig) E RGD(iF, A^). If S Y 'Is a closed set and g E G^(Ad \S), 
there exists a family of metrics gt E on Ad \ 5 evolving according to (GM) on 

Ai\S. For two points x,y E Ai that are gt-admissible, the distance dt{x,y) given 
by the RGD(iF, N) Gigli-Mantegazza flow is induced by gt- 
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The divergence form structure is an essential feature that allows for the analysis of 
the dehning continuity equation (CE). In the compact case, it turns out that near 
every rough metric g, there is a smooth metric g in a suitable L°°-sense. Coupling 
this with the divergence structure, we are able to perturb this problem to the study 
of a divergence form operator with bounded, measurable coefficients on g of the form 

- divg pI{x, ■ )BeV(pt,x,v = Od^{pl{x, ■ ))(n), 

where B is a bounded, measurable (1, l)-tensor transforming g to g and 6 the 
Raydon-Nikodym derivative of the two induced measures Pg and /ig. 

This trick of “hiding” singularities in an operator has its origins to the investigations 
of boundary value problems with low regularity boundary. For us, this philosophy 
has a geometric reincarnation arising from investigations of the Kato square root 
problem on manifolds, with its origins in a seminal paper [4] by Axelsson, Keith and 
McIntosh and more recently by Morris in [24], and Bandara and McIntosh in [7]. 

In §4, we study the existence and regularity of solutions to such continuity equations 
by using spectral methods and PDE tools. We further emphasise that such equations 
allow for a certain disintegration - that is, at each point x, we solve a differential 
equation in the y variable. Eventually, we are concerned with objects involving an 
integration in y, and hence, we are able to allow weak solutions in y while being able 
to prove stronger regularity results in x. 

While the reduction of a nonlinear problem to a pointwise linear one is a tremendous 
boon to the analysis that we conduct in this paper, there is a price to pay. The 
equation (CE) is nonlinear in a:, and this nonlinear behaviour requires the analysis 
in X of the family of operators 

X HA diVg pf (x, • )B9'V. 

This is not as signihcant a disadvantage as one initially anticipates as this opens up 
the possibility to attacking regularity questions by the means of operator theory. 

One of the main points of this paper is to illustrate how the regularity properties 
of the flow (GM) relate to the regularity properties of the heat kernel. Theorem 
1.1 allows for the possibility of the evolving metric to become less regular than the 
original metric on the non-singular subset. An inspection of the continuity equation 
(CE) shows that the solution at a point x depends on sets of full measure potentially 
far away from this point. Thus, it is possible that singularities may resolve from 
smoothing properties emerging from the heat kernel. However, it is also possible that 
potentially unruly behaviour somewhere in heat kernel forces the flow to introduce 
additional singularities. That being said, we show that for fc > 1, C^ metrics will 
continue to be C^ under the flow. We discuss these results and surrounding issues 
in greater depth in §3. 
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2. Geometric singularities 

Throughout this paper, by the term geometric singularity, we shall mean singularities 
that arise in the metric g of a smooth manifold M. We allow such singularities to 
be a lack of differentiability or even the lack of continuity. To emphasise this point, 
we contrast this to pure topological singularities, which are singularities that live in 
the topology and cannot be smoothed and transferred into the metric. 

Let Ad to be a smooth manifold (possibly non-compact) of dimension dim Ad = n. 
By this, we mean a second countable, Hausdorff space that is locally Euclidean, with 
the transition maps being smooth. 

On an open subset G C Ad, we write C^’"(f2) (fc > 0 and a G [0,1]) to mean fc-times 
continuously differentiable functions bounded locally in coordinate patches inside G, 
and where the k-th partial derivatives are a-Holder continuous locally. We write 
C^(f2) instead of C*^’°(f2). 

Let T^^’'^^Ad denote the tensors of covariant rank p and contravariant rank q. We 
write T*Ad = T^^’°^Ad and TAd = T'-^’^^Ad, the cotangent and tangent bundles 
respectively. The bundle of differentiable fc-forms are given by QfM. and the exterior 
algebra is given by f2Ad = ©^= 0 ^^-^) where Ad x M = f2°Ad (the bundle of 
functions), and T*Ad = 17^Ad. 

The differentiable structure of the smooth manifold affords us with a differential 
operator d : G“(f2*^Ad) —)■ G“(f2^'''^Ad). Indeed, this differential operator is depen¬ 
dent on the differentiable structure we associate to the manifold. We remark on this 
fact since, in dimensions higher than 4, there are homeomorphic differentiable struc¬ 
tures that are not diffeomorphic (cf. [22] by Milnor and [12] by Freedman). From 
this point onward , we hx a differentiable structure on Ad. We shall only exercise 
interest in the case of fc = 0 where d : G“(Ad) —)■ G°°(T*Ad) and sometimes use the 
notation V to denote d. 

We emphasise that a smooth manifold also affords us with a measure structure. 
We say that a set A C Ad is measurable if for any chart [if, U) with U r\ A ^ 0, 
we obtain that %Ij{U fl A) C M” is Lebesgue measurable. By second countability, 
this quantihcation can be made countable. By writing r(T*^^’^^Ad) we denote the 
sections of the vector bundle T^^’'^^Ad with measurable coefficients. 


2.1. Rough metrics. In connection with investigating the geometric invariances of 
the Kato square root problem, Bandara introduced a notion of a rough metric in [5] . 
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This notion is of fundamental importance to the rest of this paper and therefore, 
in this sub-section, we will describe some of the important features of such metrics. 
We do not assume that M is compact until later in this section. Let us hrst recall 
the dehnition of a rough metric. 

Definition 2.1. We say that a real-symmetric g G r(7~^^’^^A4) is a rough metric if 
for each x G Ai, there exists some chart (-^, U) containing x and a constant C > 1 
(dependent on U), such that, for y-a.e. in U, 

C |'u|l/)*(5(j/) ^ I’^lgCy) — C\u\^*S[y), 

where u G T^Al, W\\(y) = s{u,u) and 'ip*6 is the pullback of the Euclidean metric 
inside fjiU) C M”. Such a chart is said to satisfy the local comparability condition. 


It is easy to see that by taking U to be the pullback of a Euclidean ball contained 
in a chart near x, every C^’°‘ metric (for k > 0 and a G [0,1]) is a rough metric. 

Two rough metrics g and g are said to be (T-close (for C > 1) if 

for almost-every x E Ai. If we assume that A4 is compact, then it is easy to see 
that for any rough metric g, there exists a constant C > 1 and a smooth metric g 
such that g and g are C-close. Two continuous metrics are C-cIose if the C'-close 
condition above holds everywhere. Moreover, we note the following. Its proof is 
given in Proposition 10 in [5]. 

Proposition 2.2. Let g and g be two rough metrics that are C-close. Then, there 
exists B G r(T*Al(8)TAl) such that it is real, symmetric, almost-everywhere positive, 
invertible, and 

g,ciB{x)u,v) = gxiu,v) 

for almost-every x E Ai. Furthermore, for almost-every x E Ai, 

C |M|g(a;) ^ |B(a:)'u|g(a;) < C iMlKa;), 

and the same ineguality holds with g and g interchanged. IfgE& and g E 0 (with 
k,l >0), then the properties ofB are valid for all x E Ai and B G (T* Al 0 

TM). 

A rough metric always induces a measure described by the expression 

dyLg{x) = \J det(gij(a;)) d^{x) 

inside a locally comparable chart. The well-definedness of this expression is verihed 
just as in the case of a metric. This measure can easily be proven to be Borel and 
hnite on compact sets. The notion of measurable which we have dehned agrees with 
the notion of /ig-measurable obtained via a rough metric. Moreover, the following 
holds for two C'-close metrics. 

Proposition 2.3. Let g and g be C-close for some C > 1. Then, the measure 
dfig{x) = \/det B(x) dp,g{x) for x-a.e., and C“5/ig < /ig < C^/ig. Moreover, if g is 
continuous, then the measure /ig is Radon. 
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Proof. The first part of the statement is proved as Proposition 11 in [5]. We prove 
that /ig is Radon by using the fact that Pg is inner regular. That is, for a Borel 
B C Ai and every e: > 0 there exists G B such that fig{B) — < e. 

Therefore, 

Pgi^) ~ Pg{Ke) = J ~ dpg < J ~ dfTg 

< - A.i(An) < C’-G 

where the hrst inequality follows from the fact that — X^^ > 0. Thus, /ig(i?) = 
suPi^gB/^g(^)- n 


We remark that throughout the paper, when we say that {Ai,g) induces a length 
structure, we mean that between any two points x,y E Ai there exists an absolutely 
continuous curve 7 : J —)■ with 7(0) = x, 7(1) = y such that 

0 < j < OO- 

Then, the induced distance dg(T,|/) is simply given as in the smooth case by taking 
an inhmum over all curves between such points of the square root of this quantity. 


2.2. L“-metrics and metrics of divergence form operators. The goal of this 
subsection is to illustrate the connections of rough metrics to other low-regularity 
metrics that are often mentioned in folklore. In fact, we shall see that as a virtue 
of compactness, these notions are indeed equivalent. This section is intended as 
motivation for us considering rough metrics and can be safely omitted. 

First, we highlight the following simple lemma. 

Lemma 2.4. Suppose that g G Ai) is symmetric and that there exists a 

smooth metric h and C > 1 such that 

C |w|h(3;) ^ l'^lg(a;) — l^|’^|h(a:) 
for almost-every x E Ai. Then g is a rough metric. 


Proof. Fix X E At and let (fj, U) be a chart near x E At. Let V = ^{Bri'fix))), 

where Br{'4){x)) C M"" is a Euclidean ball with r > 0 chosen such that Br{'4){x)) C 
ipiU). Then, by virtue of the smoothness of h and since V is compact, we obtain 
some Cv > 1 such that 

for all y E V. On combining this with our hypothesis, we hnd that for almost-every 

yev, 

{CyC) 1^111(1/) ^ l'*^lg(j/) — C!yC\u\^yy 

That is, g is a rough metric. □ 


Next, we dehne the following notion of an L“-metric. 
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Definition 2.5. We say that a real-symmetric g G r(7~^^’^^A4) is an L°°-metric on 
M zf: 

(i) there exists a G inverse to g, by which we mean that writing 

G = {g^^{x)) and G' = (g“-^(a;)), GG' = G'G = I for almost-every x G M, and 
(a) there exists a smooth metric h and constants Ai,A2 > 0 such that |g|h < Ai 
and |g“\ < A2. 


We prove that an L°°-metric is indeed a rongh metric. 

Proposition 2.6. An L°°-metric g is a rough metric. It is (max {Ain, A2n})-c/ose 
to a smooth metric h. 


Proof. Fix X G Ad in which the ineqnalities in the definition of an L“-metric is valid. 
Let {e*} be a frame for AxAA. so that hjj(x) = dij. Let G = (g*-^(x)) Then, note that 


Ai > |g(a:)|^(,,) =g^^{x)g^^{x)him{x)hj. 
Now, let u G Ta-Ad, and then 




I“IL) = S(^)(“.“) = I 

3 * 

where the last ineqnality follows form the Canchy Schwarz ineqnality. Now, by onr 
previons calculation, we have that |g*-^ P < Ai, and hence, 

j i 3 

That is, |M|g(x) < \/Ain|n|h(x)- Applying this with g“^ in place of g and h“^ in place 
of h, we further obtain that |M|g-i(a;) < \/A{n|M|h-i(3;)- 


Now, we note that G = {g~j^{x)) = G~^. Since G is symmetric, let G = PDP^'^, its 
eigenvalue decomposition. Indeed, D = diag(Aj) and Aj > 0 since G is invertible. 
On letting D~^ = diag((Ji), note that an = Xi and we have that an < A2n, which 
means that Ai < -r^. So, now 

^ — A2n ’ 


= u^^Gu = u^^PDP^^u = {P^^ufD{P^^u) = vf'^Du 


>min{A,} 


u\ = 


Asn 


\u\ 


since P is an orthonormal matrix. That is, we have shown that for almost-every 
X G Ad, and every u G T^-Ad, 

(A2'n) |'w|g(a;) ^ |’Il|h(a:) ^ (AlU) 

Thus, by Lemma 2.4, g is a rough metric. □ 
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Another class of metrics we consider are metrics arising from coefficients of elliptic 
operators in divergence form. In particular, see the paper [27] by Saloff-Coste, where 
the author explicitly considers this class of metrics, although he makes a qualitative 
assumption that the coefficients are smooth. 

Fix some smooth metric h and let A E h) be real-symmetric. Consider 

the real-symmetric form Ja[u-, v\ = {AVu, Vn)h- In order for this to dehne an elliptic 
operator, the natural assumption is to ask that there exist ki,K 2 > 0 such that 

h{Au,u){x) > and |A|h(a:) < ^2, 

for almost-every x E A4. For the sake of nomenclature, let us say that the coeffi¬ 
cients A are elliptic if this condition is met. Under these conditions, the self-adjoint 
operator associated to Ja is = divhAVw. Such operators have been amply 
studied in the literature. 

Let us now dehne a metric associated to elliptic coefficients A by writing g{u, v) = 
\\{Au,v). Then, we have the following proposition. 

Proposition 2.7. A metric g induced from elliptic coefficients A via a smooth metric 
h. is a rough metric. The metric g is (max{/i;i, K2})-close to h. 


Proof. By virtue of the fact that A are elliptic coefficients, we immediately obtain 
that for almost-every x E Ai, |'n|g(3.) = h(A-u,-u) > for every u E TxAi. 


For the upper bound, hx an x where the ellipticity inequality is valid, and choose a 
frame so that let h.ij{x) = 5ij. Then, we have that = Yhij Then, 

l'^lg(a;) h2;(A'U, m) I 


Now, 


= EI s E (e itl) (e |“-0 

j i j \ i / \ i / 

Thus, |M|g(a,) < ^ 2 \'^\h{x)- invoking Lemma 2.4, we obtain 
metric. 


that g is a rough 
□ 


As a hnale, on collating our results here, we present the following proposition. 
Proposition 2.8. We have the following: 

(i) every rough metric that is close to a smooth one is an L°°-metric, 

(a) every L°°-metric is a metric induced via elliptic coefficients, 

(Hi) every metric induced via elliptic coefficients is an 'LA -metric. 

If Ai is compact, then all these notions are equivalent. 

Proof. For (i), suppose that g is a rough metric and that it is C-close to a smooth 
metric h. Then, by Proposition 2.2, we obtain a B E r(T*'^’^^Ad) so that g{u,v) = 
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h(i?M, v) and 

C |'u|h(a;) ^ ^ C |'u|h{a;)) 

for almost-every x. Fix an x where this inequality is valid and choose a h orthonormal 
frame {cj} at x. Then, 

|g(a^)lh(x) = = Y1 HBei,ej)\ < |5ei|h(a;)|ej|h(x) < n^C^- 

ij ij ij 

So, |g|h < almost-every where. Since g~^{u,v) = a similar calcu¬ 

lation shows that |g“^|h-i < n^C^. 

To prove (ii), suppose that g is an L°°-metric. Then, we have shown in Proposition 
2.6 that it is a rough metric that is close to a smooth metric h. Hence, by Proposition 
2.2, we have B G which can easily be checked to satisfy ellipticity. Hence, 

g{u,v) = h.{Bu,v), i.e., it is a metric induced by elliptic coefficients. Then, it is a 
rough metric that is C-close to a smooth one and by (i), we obtain that it is an 
poo-metric. 

If further we assume that is a compact manifold, then near every rough metric 
g, there is a smooth metric h, and hence, by (i), we obtain that every rough metric 
is L“ or equivalently, defined via elliptic coefficients. □ 


In particular, this proposition gives credence to the notion of a rough metric since 
it is a sufficiently general notion that is able to capture the behaviour of these other 
aforementioned low regularity metrics. 


2.3. Lebesgue and Sobolev space theory. A more pertinent feature of rough 
metrics is that they admit a Sobolev space theory. In order to make our exposition 
shorter and more accessible, from here on, we assume that Ad is compact. First, 
we note that since (Ad,/ig) is a measure space, we obtain a Lebesgue theory. Let 
LP(7"(p>9)7\d,g) denote the p-integrable Lebesgue spaces over the bundle of {p,q) 
tensors. We write LP(Ad,g) for the case that p = q = 0. We quote the following 
result which is listed as Proposition 8 in [5]. 

Proposition 2.9. For a rough metric g, Vp : fl —)• fl L^’(T*Ad) and 

Vc : C“(Ad) —)■ C“(T*Ad) given by Vp = d and Vc = d on the respective domains 
are closable, densely-defined operators. 


As a consequence, we define the Sobolev spaces as function spaces by writing 
Wi’P(Ad) = Vi^p) and Wo’^ = 

Proposition 2.10. Let g and g be two C-close rough metrics on a compact manifold 
A4. Then, 

(i) whenever p G [l,C)o), Lp(T*'’’’^^A1, g) = g) with 
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(a) for p = oo, g) with 

C'-(^+^)||M||oo,i<||w||oo,g<C"-+*||w||oo.g, 

(in) the Sobolev spaces g) = W^’^(A^,g) = Wo’^(A^,g) = Wo^(A^,g) with 

_1 I n 

C ' ^ ^ C ll'i^llwi’P,g5 

(iv) the Sobolev spaces W‘^’^(A^,g) = W‘^’^(A^,g) with 

C ^ ||'u||-\Yd,p^g ^ ll'^llW'^’Pjg — ^ ll'^llw'i’P,g 5 

(v) the divergence operators satisfy divg = 0~^ divg 0B. 

(vi) the Laplacians satisfy Ag = —0~Miv|0BV. 

We emphasise (iii), which demonstrates that W^’^(Wl,g) = W^’^(Wl,g) for any 
rongh metric g, since, as we have aforementioned, compactness guarantees the exis¬ 
tence of a smooth metric g that is C-close to g. 

3. Main results and applications 

3.1. Existence and regularity of the flow. The broader perspective underpin¬ 
ning our analysis in this paper is to relate the regularity of the heat kernel to the 
regularity of the Gigli-Mantegazza flow. Indeed, this is to be expected simply from 
inspection of the main governing equation (CE) for this flow. 

In §4, we consider L“-coefhcient differential operators on smooth manifolds, and we 
obtain solutions to more general equations similar to (CE). Furthermore, we conduct 
operator theory on operators of the type x h->• diVga; 3 ;V in order to dehne a notion of 
derivative that is weak enough to account for the lack of regularity of the coefficients 
ojx but sufficiently strong enough to be useful to demonstrate the regularity of the 
the flow (CM). In §5, we prove some auxiliary facts needed to ensure that (CM) 
indeed does dehne a Riemannian metric, and on coupling our main results from §4, 
we obtain the following theorem. It is the most general geometric result that we 
showcase in this paper. Its proof can be found in §5.2. 

Theorem 3 . 1 . Let Ai be a smooth, compact manifold andg a rough metric. Suppose 
that the heat kernel {x,y) i—)■ pf{x,y) G C°’^(A1^) and that on an open set 0 ^ M, 
{x,y) H-)■ p^{x,y) G where k > 2. Then, for t > 0, gt is a Riemannian 

metric on M of regularity 


We remark that allowing for a Lipschitz heat kernel is neither a restriction nor is it 
too general. We will see in the following section that the most important class of 
objects we consider, namely when (Al,g) is an RCD{K, N) space, will admit such 
a heat kernel. 

The reader may And it curious that, even though we assume that the heat kernel 
is away from the singular region, and only a single derivative of the heat kernel 
appears in the source term of (CE), we are only able to assert that the resulting flow 
is In a sense, it is because the global regularity of the heat kernel, which is 
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only Lipschitz, becomes significant in proving the continnity of the {k — l)-th partial 
derivatives. We remark that it may be possible to assert this continnity performing 
the operator theory of x h->■ divg pf (a;, • )V with greater care than we have done. 

For a global heat kernel, we are able to assert that the (fc—l)-th partial derivatives 
are indeed continuous. This is the content of the following theorem. Note that, unlike 
Theorem 3.1 where we assumed that the heat kernel was at least twice continuously 
differentiable on the non-singular part, we allow for heat kernels with only a single 
derivative on the non-singular region. This theorem is an immediate consequence of 
Theorem 6.3 in §6.1. 

Theorem 3.2. Let M. be a smooth, compact manifold and g a rough metric. Suppose 
that the heat kernel {x,y) h->• pf{x,y) G and that on an open set 0 ^ Af, 

{x,y) H-)■ pf{x,y) G where k > 1. Then, for t > 0, gt is a Riemannian 

metric on Af of regularity 


We remark that for the case k = 1, Bandara in [6] asserts the continuity of a: —>■ gt{x) 
on N without imposing any global regularity assumptions on {x,y) h-)■ p^{x,y). 
This is accomplished by reducing this assertion to a homogeneous Kato square root 
problem that he proves in this context. 

Typically, in an open region where the metric is for k > 1, we expect the heat 
kernel to improve to This is an immediate consequence of the fact that the 

region is open, and because we can write the Laplacian via a change of coordinates as 
a non-divergence form equation with coefficients. We then obtain regularity via 
Schauder theory. This analysis is conducted in §6.2. By considering the situation 
where a rough metric improves to a metric away from a closed singular set. 
Theorem 3.1 yields a metric tensor away from the singular set that is of regularity 
Qfc- 1,1 jg^ resulting flow may be more singular than the initial metric 

inside such a region. However, by coupling the results of §6.2 with Theorem 3.2, we 
are able to assert that the flow remains at least as regular as the initial metric. 

Theorem 3.3. Let A4. be a smooth, compact manifold and g G for k > 1. Then, 
the flow gt G for each t > 0. 


We emphasise that we are not providing sharp regularity information via these 
theorems. That is, we are unable to assert that if the initial metric is \ 
then the resulting flow is also \ In fact, this may not be the case, it may 

be possible that in some instances, the flow gt improves in regularity. These are 
interesting open questions beyond the scope of this paper. 


3.2. Applications to geometrically singular spaces. In this subsection, we con¬ 
sider geometric applications of Theorem 3.1, particular to spaces with geometric 
singularities. 
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As a start, we describe our notion of a geometric conical singularity. For that, let 
us first describe the n-cone of radius r and height h by 

C(r, h) = I {x, t) G : |x| = —(h — t) : t G [0, h] I . 

With this notation in hand, we dehne the following. 

Definition 3.4 (Geometric conical singularities). Let M. be a smooth manifold and 
g a rough metric. Let {pi,... ,pfc} C M. and suppose there exists a charts {'ft, Ui) 
mutually disjoint such that g G C^(M \ Ujf/j). Moreover, suppose for each i, there 
is a Lipeomorphism Fi : Ui ^ hi) C which improves to a diffeomor- 
phism (for k > 1) on Ui\{pi} and that g — (■ ) ■ )»’’+! inside Ui. Then, we say that 

(A4,g) is C^-geometry with geometric conical singularities at points {pi,... ,Pk}- 

A direct consequence of Theorem 1.1 is then the following. 

Corollary 3.5. Let (Al,g) he a C^-geometry for k > 1 with geometric conical 
singularities at {pi,... ,Pk}. Then, the flow gt G \ {pi,... ,Pk}) and the 

induced metric coincides everywhere with the flow of the metrics dt for RCD(iF, N) 
spaces defined by Gigli-Mantegazza. 


Moreover, we are able to flow the sphere with a conical pole. See §7.2 for the 
construction and proof. 

Corollary 3.6 (Witch’s hat sphere). Let (S",g„itch) the sphere with a cone at¬ 
tached at the north pole. Then, the flow gt G at least on the region away from 
the north pole and the induced metric agrees with the flow of the metrics dt for 
RCD(A', N) spaces defined by Gigli-Mantegazza. 


Also, as a consequence of Theorem 1 . 1 , we are able to consider the n-dimensional 
box in Euclidean space. Again, its proof is contained in §7.2. 

Corollary 3.7. Let {B,g) he an n-box. Then, the flow gt G C“(A1 \ S), where S 
is the set of edges and corners, induces the same distance as dt, the RCD(A', N) 
Gigli-Mantegazza flow, for gt-admissible points. 


We remark that a shortcoming of our analysis of the flow for the box is that we 
have not classihed the gt-admissible points. We do not expect this analysis to be 
straightforward since it involves understanding whether the flat pieces are preserved 
in some way under dt. However, since we have supplied a metric gt away from a set 
of measure zero, we expect it to be possible to induce dt via this metric on a very 
large part of the box. 

4. Elliptic problems and regularity 

Throughout this section, let us £x 0 7 ^ W C Ad to be an open subset of A4. 
To study the flow of Gigli-Mantegazza, we study a slightly more general elliptic 
problem than (GE). Let oj G G°’^(Ad^) be a function satisfying u{x,y) > 0 for all 
x,y E Ai. Moreover, let x 1 —)■ u{x,-) G G^(A7) where k > 1. For convenience. 
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we write = ujx- Then, for rj G L^(A^) we want to solve for (p G 

satisfying the eqnation 

(F) - diVgUxVip = r]. 

In this section, we establish existence, nniqueness and regularity (in x) for this 
equation. 


4.1. L°°-coefRcient divergence form operators on smooth metrics. Due to 

the lack of regularity of an arbitrary rough metric, we are forced to solve the the 
problem (F) via perturbation to a smooth metric. Indeed, this is not a small per¬ 
turbation result as we are not guaranteed the existence of arbitrarily close smooth 
metrics to a rough metric. Instead, we will have to contend ourselves to studying el¬ 
liptic PDF of the form — divAV, where A are only bounded measurable coefficients 
dehning an elliptic problem. 

More precisely, throughout this subsection, we £x to be a smooth compact man¬ 
ifold and g to be a smooth metric. Let A G M.) = be 

real-symmetric. That is, for almost-every x, in coordinates, A{x) can be written as a 
symmetric matrix with real coefficients. Further, we assume that there exists k > 0 
such that {Au,u) > That is, A is bounded below. Moreover, we quantify the 

L“ bound for A via assuming there exists A > 0 satisfying {Au,u) = ||\/Ap < A 

Let Ja : x M+ be given by 

JaIu,v] = (AVu,Vv} = / gx(A(x)Vu(x),Vv(x)) d/Ug(x). 

Jm 

Then, by the lower bound on A, we obtain that Ja[u.,u] > k||Vm|P. The Lax- 
Milgram theorem then yields a unique, closed, densely-defined self-adjoint operator 
La with domain D(L^) C W^’^(Ad) such that Ja[u,v] = {Lau,v) for u G D(L^) 
and V G W^’^(Ad). Moreover, since the form Ja is real-symmetric due to the fact 
that A are real-symmetric coefficients, this theorem further yields that V{y/LA) = 
W^’^(Ad) and Ja[u,v] = {y/LAU, \/Lav) . The uniqueness then allows us to assert 
that La = — divg AV. 

For the remainder of this section, we rely on some facts from the spectral theory of 
sectorial and, more particularly, self-adjoint operators. We refer the reader to [18] 
by Kato, [1] by Albrecht, Duong and McIntosh, [17] by Gilbarg and Trudinger and 
[10] by Cowling, Doust, McIntosh and Yagi for a more detailed exposition on the 
connection between PDF and spectral theory. 

As a hrst, we establish a spectral splitting for La- We recall that for u G Lj'Q^(Ad), 
ub = dfig for i? C Ad a Borel set. 

Proposition 4.1. The space L^(Ad) = A/'(L^) ©-*- 1Z{La) o,nd the operator La re¬ 
stricted to either A/'(L/i) or 1 Z{La) preserves each space respectively. Moreover, 
Af(LA) = Ar(V) and ^(L]:0 = {u e W^’^(M) : fj^u dpg = O} . 
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Proof. The fact that the operator splits the space orthogonally to 7V(L^) and 7?.(Lyi), 
and that its restriction to each of these spaces preserves the respective space is a 
direct consequence of the fact that La is self-adjoint. See Theorem 3.8 in [10]. 

First, let us apply this same argument to the operator a/Im, so that we obtain the 
splitting L^(A^) = ^f{^/LA) ©-‘- 7^(a/L]^). Now, £x m G ^f{^/LA)■ Then, \/Lau = 0 
which implies that u G T>(L^) and = y/LA^y/LAu) = 0. Hence, u G 7V(L^). 
For the reverse inclusion, suppose that 0 7 ^ n G A/'(L^). Then, = 0. 

That is, \/Lau G M{y/LA)- But since ^/La preserves 7 V(a/La) , u G Miy/Lff). 
Thus, M{La) = A/'(a/Ea). Now, since we have that for all u G a|| Vn||^ < 

IIv^LamIP < A||Vm|P, we obtain that A/'(V) = A/'(a/Im) and hence, A/'(V) = A/'(La). 


Now, recall that (Ad,g) admits a Poincare inequality: there exists C > 0 such that 

\\u - ma^II < C'||Vm||, 

for every u G W^’^(Ad). Note then that, if m G and Jj^^u dfig = 0, then 

||w|| < C'||Vm||. Thus, if we further assume that u G A/'(V) then we obtain that 
M = 0. On letting Z = {u G L^(Ad) : u dfig = O}, that is precisely 

{0} = Af{LA) n n z = Af{LA) n z, 

since 7 \^(La) C W^’^(V). Therefore, Z C J\f(LA)'^ = 7^(La). For the reverse 
inclusion, let u G 1Z{La)- Then, there exists a sequence Vn G V{La) such that 
u = lim^^oo hAUn in L^(Ad). Then, 



(u, 1 ) = lim {LaVu, 1 ) 

n^oo 

= lim (— divg AVvn, 1 ) 

71^00 


lim (HVun, V(l)) 

n^oo 


0 . 


□ 


Next, we note that since La preserves the spaces A/'(La) and 7 ?.(La), we obtain that 
the restricted operator 

La = LaItt^) ; ^(La) -)■ 7^(La), 

and 

Ja = '^A|^7L©nWi>2(A4)) 
with V{J^) = Wi’ 2 (Af) n^(L^. 

Proposition 4.2. The operator is a closed, densely-defined operator with asso¬ 
ciated form Ja- 


Proof. By definition, we obtain that ViL^ = T’(La) H TZ{La)- Now, let Dfi be the 
operator given via the form J^. We note that is both densely-defined and closed. 
Now, note that 

V{D^) = |m G IZILa) '■ n 1Z{La) 9 n h-)■ Ja[u,v] is continuous| . 


It is easy to see that T’(La) 0 7^(La) C 
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For the reverse inclusion, assume that u G V{D^), and v G 7?.(La) H so 

that V HA {A'Vu,'Vv) is continuous. Now, we have that 7^(L^) is dense in L^(A^) 
as well as in = ©(v^L^) (by a functional calculus argument). Thus, this 

continuity is valid for every v G and hence, u G ©(L^). Since we have by 

assumption that u G TI{La), we have that V{D^) C T’(Lyi) n7^(L^). 

It is easy to see that which is a closed, densely-dehned operator by the 

Lax-Milgram theorem. □ 


We compute the spectrum of via the spectrum for L^. 
Proposition 4.3. The spectra of the operators La and relate by: 

(j(La) = {0} U aiLjf) C {0} U g), oo). 


Proof Fix C ^ 0 and C e piL^), That is, C - = ^(La) n VILa) ^ 

Ti{L^ is invertible. Thus, for any u G 1Z{La) Fl T>(L^), there exists a n G 1Z{La) 
such that M = (C — L^~^v or equivalently, n = (C — L^)^. But we have that 
La = LA| 7 ^(L^) nx)(L^) therefore, we obtain that n = (C — La)u. That is, u = {(,— 
La)~^(C~La)m. From this, we also obtain that v = (C —La)m = (C —LA)(C~L^)“^n. 
That is, on ^(L^, (C - L^)-' = (C - 

Now, £x M G A/'(La). Then, we have that (C — La)u = (fu. Since we assume 
C 7 ^ 0, we obtain that (C — Lf^)u = This proves that p(L;^) \ {0} C p(L^) or 

(j(La) C apL^ U {0} 


Now, suppose that ( G p(L^). Then, for u G 1Z{La) there exists a n G 7^(Lyi)nT’(L^) 
such that u = {( — La)v. But (C — La)v = (C — L^)n. By the invertibility of (C — L^) 
we obtain the invertibility of (C — L;^). Thus, p{La) C p(L^) and a(L^) C a{LA). 
Since we already know that 0 G o'(L^), we obtain that o'(L^) U {0} C (t(L^). 

Next, note that since is self-adjoint, o'(L^) C nr(L^) where 
nr(L^) = {{LaU,u) : u G T>(L^), ||m|| = l} , 
is the numerical-range of L^. Moreover, via the Poincare inequality, we obtain that 

Ja[u,u\ > a||Vm|P > aAi(W 1,g)||M||^ 

for u G 1Z{La) n W^’^(Wl), and where Ai(Wl,g) is the hrst nonzero eigenvalue for 
the smooth Laplacian Ag. This shows that p{L^ C C \ [aAi(W 1, g), cx)). □ 


Moreover, we obtain that the operator La has discrete spectrum. 

Proposition 4.4. The spectrum a(L^) = {0 < Ai < A 2 < ... } is discrete and Ai > 
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Proof. Fix (5 > 0 and write 1^a,5U = + 5u. It is easy to see that aiJjA^s) = 

{5} U [AAi(A^,g) + S, oo). Moreover, the operator is invertible, in fact, is 
a resolvent of and thus ^ : L^(A^) —)■ L^(A^) boundedly. 

Furthermore, note that 

I|VLA,>|| < ||v/WLi«ll = l|LX>ll ~ ll“ll- 

Thus, we can obtain that : L^(A^) —)■ boundedly. Let us call this 

operator 

Now, on a compact manifold, the inclusion map E : —>■ L^(A^) is compact. 

Thus, we can write This shows that is compact. That is, 

is discrete with 0 as the only accumulation point. Hence, by combining with 
our previous bound for the spectrum of cr(LA), we obtain the claim. □ 


By the invertibility of on 7^(L2i), and by our previous characterisation of 7^(L2i), 
we obtain the following hrst existence result. 

Proposition 4.5. For every f G L^(A^) satisfying f dfig = 0, we obtain a 
unique solution u G with fj^u dfig = 0 to the equation Ijau = /. This 

solution is given by u = {L^)~^f. 

Proof. The operator is invertible by the fact that the associated form is bounded 
and coercive. Moreover, it is easy to see that : V{hA) H lZ{hA) ‘^(La) and 
hence, : 7 ?.(La) —)• 'P(La) H 7?.(La). The uniqueness is by virtue of the fact 

that = {0}. The fact that the solution u G easily follows since 

(^^(La),|| • IIl^i) is a continuous embedding. □ 


4.2. Existence and uniqneness for a similar problem. Let us return to the 
situation where g is a rough metric on fA. Recall that in this situation, there exists 
a constant C > 1 and a smooth metric g that is C'-close to g. Let B G L“(T*'^’^^A^) 
be real-symmetric such that 

gx{u,v) = gx{B{x)u,v) 

for almost-every x G M. Let d(x) = y^detR^^ for almost-every x G A4 so that 
g(x) = d(x)djUg(x). 

For the sake of convenience, we write D^, = — diVga;a;V. It is easy to see that 
Jx[u.iV] = {u!x'Vu,'Vv)g is the real-symmetric form associated to D^,. 

First, we note the following. 

Proposition 4.6. There exist k > 0 such that Jx[u,u\ > A||VM||g uniformly for 
X G Ad. Moreover, Jx[u,v] = {uxB9Vu,Vv)g and Jx[u,u\ > ||VwHg. A 

function ip G solves (F) if and only if 

— divg^OBuxVip) = Orj. 
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Proof. First, we note that u{x,y) > 0 for all x,y. Secondly, since we assume that 
oj G for A; > 1, by the virtue of compactness of M., we obtain that 

mij.^yu{x,y) = mmx^yu{x,y) > 0. That is, set a = mm^^yu;{x,y) and we’re done. 

The description of in g and its ellipticity estimate in g follow from Proposition 
2.10 (i) with p = 2, and r = 1, s = 0. 

The equivalence of solutions for the (F) simply follows from Proposition 2.10 (vi). □ 


This is the crucial observation which allows us to reduce the (CE) to solving a diver¬ 
gence form equation with bounded, measurable coefficients on the nearby smooth 
metric g. 

With the aid of this, we demonstrate existence and uniqueness of solutions to (CE). 

Proposition 4.7. Let rj G L^(Al) satisfy p dpg = 0. Then, there exists a unique 
solution ip G satisfying (F) such that ip dpg = 0. 


Proof. Let / = Op. Then, note that 


/ dpg 


p9 d/ig = 


p dpg = 0. 


jm j m Jm 

Set A = OBujx and by what we have proved about /, we are able to apply Proposition 
(4.5) to the operator in (•, • )§ to obtain a unique solution (p satisfying L^(p = 
f = Op with p dfig = 0. 


Dehne p{y) = (p{y) — p{y) dpg which satishes J[p, f] = {p, f)g and we also hnd 
that 



p{y) dpgiy) = 


P{y) dp{y) 


'M 


Thus, p solves (F). 



p{.y) dpgiy)) dpg{y) 


0 . 


To prove uniqueness, let us £x two solutions p^ and p"^ solving (F) with (p* dpg = 
0. Then, on writing = p^ — , we obtain that satishes 

— divg Ux'V'ip = 0 

with dp = 0. Now, dehne fj^y) = 'f’iy) — fj^i’dpg. It is easy to see that -0 
satishes 

-Lai/’ = 0. 

with xf dpg = 0. Thus, by the uniqueness guaranteed by Proposition 4.5, we 
obtain that = 0. That is, 'ip{y) = dpg{y), and on integrating this with 

respect to g, we obtain that 

0 = pg{M)f fjiy) dpgipj). 

Jm 


That is, i/j = fj = 0. 


□ 
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4.3. Operator theory of a: ha D^;. Let us return to the PDE (F), and recall 
the operator D^. = — diVgOia^V where {x,y) ha ojxiy) ^ and x ha oij; G 

C*^’"(A/'). Let Jx[u,v] be its associated real-symmetric form, Jj^u^v] = {ux'Vu,'Vv). 

In order to understand the regularity x ha y:>t,x,v of solutions to (CE), we need to 
prove some preliminary regularity results about the operator family D^,. First, we 
obtain the constancy of domain as well as the following formula. 

Proposition 4.8. The family of operators A x ha D^, satisfies VfDx) = 
and DxU = u^AgU — g{'Vu,'Vux). 


Proof. Fix X G Af and G W^’^(Al). Then, note that oJxV G W^’^(Al) and that, 
{Vu,V{UxV))g = {Vu,UJx'^V + vVUx)g = (uJxVu, Vv}g + (g(Vu, VUx),v}g. 
That is, {uxVu, Vn)g = (Vu, V {uxv))g — (g(VM, Vux),v)g. 

First we show that for any u G W^’^(Al), v ha {g(Vu,'Vux),v)g is continuous. 
Observe that |(g(VM, Voia;), n)g| < ||g(Vn, Va;a;)||g||n||g by the Cauchy-Schwarz in¬ 
equality. Moreover, 


||g(VM, Va;a:)||g = / |g(VM, Vca^)!^ d/ig < / \Vu\‘^\Vux\'^ dfig. 

J M J M 

However, since y ha 0Jx{y) G C°’^(A1) and Af is compact, we have that esssup^^ |Vci;a;(?/)| < 
O, and hence, ||g(Vn, Vci; 3 ;)||g < OH VuHg. This proves that v ha (g(Vn, Voia,), n)g is 
continuous. 

Now, suppose that u G V{Ag), then {Vu,'V{u;xv))g = {AgU,Uxv) and hence, v ha 
(Vm, V {u;x'v))g is continuous. Since we have already shown that v ha (g(VM, 'Vux),v)g 
is continuous, we obtain that v ha {ux'Vu,'Vv) is continuous. Hence, u G T>{P)x) 
which proves that V{Ag) C VifDx)- 

Similarly, for u G VfDx), we hnd that v ha {ujxv))g is continuous. Hence, 

u G VipjxAg) = V{Ag). This shows that VfDx) C V{Ag). □ 

Remark 4.9. We note that an immediate consequence of this is that the unique 
solution (f to (F) satisfies ip G 'P(Ag) as 'P(Ag) = VfDx) = T){hx)- This observation 
is essential in our approach to regularity. 


We also obtain the following uniform boundedness for the operator family parametrised 
in X G AT. 

Proposition 4.10. The family of operators A1 A x ha D^, ; (P(Ag), ||-||Ag) —>■ 
L^(Al) is a uniformly bounded family of operators. Moreover, ||m||d;j — ||w||Ag holds 
with the implicit constant independent of x E AA. 
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Proof. We show that ||Da;M|| < llwIUg = ||^gw|| + ||m||, where the implicit constant 
is independent of x G Wl. Fix x E Ai, and note that 

||D^m|| < ||cOa:AgM|| + ||g(VM, Va;x)|| 

< ( sup \ujxiy) \ ) \\Agu\\ + (esssupyg^ |Va;^(|/)|) ||Vm||. 

\yeM / 

But since {x,y) h->• u!x:{y) G the Lipschitz constant is in both variables, 

and hence, there is a C > 0 such that esssup^g^ |Va; 3 ;(j/)| < C. The quantity 
supyg^ \u!x{y) I is also independent of C simply by coupling the continuity of (x, y) i—>■ 
^^x{y) with the compactness of Ai. 

Now, note that by ellipticity, 

||Vm|P < |(AgM,M)| < ||AgM||||M|| < ||AgM|p + ||m||^. 

This complete the proof. The reverse inequality is argued similarly on noting that 
^xiy) > 0 for all X, 1 / G Wl. □ 

Remark 4.11. Note that the two previous propositions are valid on all of Ai, not 
just on N E Ai where x ^ Ux enjoys higher regularity. 


Let V G PxAi and 7 : (—£,£) —t AA. such that 7 ( 0 ) = x and 7 ( 0 ) = v. Let 
f : Af ^ V, where V where V is some normed vector space. Then, we write the 
difference quotient as 

= MxMN, 

We dehne the directional derivative of / (when it exists and it is independent of the 
generating curve 7 ) to be 

{Axf{x)){v) = \imQlf{x). 


In our particular setting, we consider V = lA{AA) with the weak topology for the 
choice /(x) = D^.. More precisely, if there exists Da, : T>(Ag) — lA{Ai) satisfying 

\iin{Ql'DxU,w) = {I)xU,w), 
s^O 

for every w G W^’^(Al), we say that Dj, has a (weak) derivative at x and write 
(dajDa;) = Da;. In what is to follow, we will see that this is a sufficiently strong 
enough notion of derivative to obtain regularity properties for the flow dehned by 
(GM). 

With this notation at hand, we prove the following important proposition. 

Proposition 4.12. The operator valued function Af 3 x ^ Dx '■ D(Ag) -3 lA{Ai) 
is weakly differentiable k times. At each x E Af and for every v G Ta;Al, 

(da;Da;)(x) = -diVg((da;CU;,)(x))V : D(Ag) ^ V{Ai) 

is densely-defined and symmetric. Moreover, inside a chart Q E Af containing x for 
which the vector v is constant, there is a constant Cq, such that 

||(da;Da;)(x)ti|| < Gn||M||Ag. 
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Proof. Fix X G A/" and a chart Q, J\f with a constant vector v G and note 

that because of the higher regularity of uj^ at x, we have (x,i/) ha (d 2 ;Ci; 3 ;(i/))(x) G 
C°(f2 X M) and x ha (da;Ci;j;(i/))(x) G C°’^(Ad). Coupling this with the compactness 
of M. and fl, there exists A > 0 such that —A < {dxU)x{y)){v) < A, for all x G 
and y E Ai. Thus, let fx,e = (dxca 3 ;)(x) + A + e and dehne Ks[u,w] = {fx,e'^u,'Vw). 
By the Lax-Milgram theorem, the operator associated to the form is exactly 

= - divg[((d,j,a;a;)(x)) + (A + e)]V, 

and is guaranteed to be non-negative self-adjoint. Since we have that Ux is k times 
differentiable at our chosen x, the map y ha fx,e{y) is still Lipschitz and hence, we are 
able to apply Proposition 4.8 with fx^e in place of Ux to obtain that T>{Px,e) = ^^(Ag). 
Consequently, we obtain that Dx,e — (A -|- e)Ag has domain T’(Ag) and so, an easy 
calculation via the dehning form, demonstrates that 

= - diVg(dj,(:Ta,)(x)VM = t)x,eU - (A + e:)AgM, 
from which its clear that the operator is densely-dehned. 

A repetition of the argument in Proposition 4.10, utilising the higher regularity of 
X HA cja; on AT, there exists a constant Cq > 0 such that |(d 3 ;a; 3 ;(i/))(x)| < Cq, for all 
X G and almost-every y E At. Thus, ||D2.^£m|| < Cn||K||Ag and the estimate in the 
conclusion follows. 


Now we show that the formula in the conclusion is valid. Fix w E W^’^(Ad), u E 
'D(Ag) and compute 


lim(Q"D3.M, tc) = lim(—divQ^cUajV-u, tc) = hm(Qga;2;VM, Vw) 

s —^0 s —^0 s —>-0 


= lim 

s—>-0 


M 


Ql^x{y)gy{yu{y),Vw{y)) dyg{y). 


Now, note that 


\Q>x{y)\ < 


^xiy) -uj^{s){.y) 
s 


< c 


since {x,y) ha 0 Jx{y) E C°’^(Ad^) and x ha Wa, G C^(Ad). So, we are able to apply 
the dominated convergence theorem to obtain 


lini(Q^Da,M,'«;) = / lim Qlux{y)gy(y u{y),Vw{y)) dyg{y) 

= {{dxBx)iv)'\/ w) = (-diVg(da;Da;)(T)VM,tc), 

where the last equality follows from the fact that we assume that u E 'D(Ag) and 
we have already shown that 'D(—diVg((da;Ci;a;)(x))V) = 'D(Ag). 


The equality of operators in the conclusion follows from the fact that w E C“(Ad) 
is dense in L^(Ad). □ 

Remark 4.13. Let vi,... ,vi E TxAi, with k < I, and note that the map {x,y) ha 
(d^a;a;)(xi,... ,r;z) G C°’^{At‘^), where {dlu:x){vi,V 2 ) = (da;(da;(:Ta;)(xi))(x 2 )- Thus, on 
applying this proposition repeatedly, we ean assert that 

{dil)x){vi,... ,vi) = -divg((dia;^)(xi,... ,x/))V : T>(Ag) 
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is a densely-defined operator. 


Now, we are able to prove the following product rule for the operator Dj,. This 
product rule is the essential tool for obtaining the existence of weak derivatives 
dx<Px of solutions for (CE). 

Proposition 4.14. Letx ^ Ux '■ Af ^ V{Ag), v G TxM and suppose that {dxUx){v) 
exists weakly. Then {dx^xUx){v) exists weakly if and only if Dx{{dxUx){v)) exists 
weakly and 

(da^DajMa;) (n) (d^Dj,) ('y)'Ua, T Da;((dajMa,) (n)). 


Proof. Fix w G W^’^(Al) and define f{x,y) = {DxUy,w). Let 7 : (——)• A 1 be a 
curve in A 4 satisfying 7(0) = x and 7(0) = v. Now, note that for s > 0 , 

(t) hfi'y{s),'y{s))-f{x,x)] = -[/(7(s),7(s))-/(a;,7(s))] + -[/(a;,7(s))-/(a;,a;)] 
s s s 

By Proposition 4 . 12 , {dxf{x,y)){v)\y^^ exists and 

{dxf{x,y)){v)\y^^ = \im ^[f{'y{s),y) - f{x,y)]\y^^ 

= jimlim-[/(7(s),7W) -/(a^,7W)] 

t—^0 s—^0 s 

= lim-[/(7(s),7(s)) -/(a^,7(s))]. 

s-5-0 S 


Assume that (d3;Da.Ma;)(r;) exists weakly. Then, by (f), lims^o s ^[/(x, 7(5)) —/(a:, a:)] 
exists and so, by further choosing w G V{Ag), 

lim -[/(x, 7(s)) - /(x, x)] = lini(-Da;(M;, - w) 

s^O S S 

= lim(Q>a;,Da;M;) = {{dxUx){v),'Dxw), 
s—^O 

Also, by (t), 

and since the right hand side is continuous in w, we obtain that {dxUx){v) G T>{P)x) = 

»(As). 


Now, if Y)x{dxUx){v) exists weakly, then from (f), we are able to assert that the limit 
hms_;.o s“^[/(7(s), 7(s)) — /(x,x)] exists, which is precisely that da;(Da;'Ua;)(x) exists 
weakly. The product rule formula is obvious from these computations. □ 

Remark 4.15. If the function {x,y) h-)■ 0Jx{y) G C^(Al^) fork > 1, then we are able 
to perform this analysis in the uniform operator topology C{{V{Ag), ||- ||Ag), L^(Al)). 
This involves estimating the term supa. yg_yv^ | V(5sWa;(2/)| and showing that this guan- 
tity tends to 0 as s ^ 0. It is clear that such an estimate cannot be made even 
with the supremum replaced by an essential supremum when {x,y) h->• u)x{y) is only 
Lipschitz. 
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4.4. Regularity of solutions. We combine the results obtained in the previous 
subsections to prove the following regularity theorem for solutions to (F). Recalling 
that Lj. = — dwg{6Bux)V, we note the following lemma. 


Lemma 4.16. Let Jj^u d/ig = 0. Then, ||L 
the implicit constants are independent of x. 


X 


< 


\u\ 


and ||L^^u|| < ||m||, where 


Proof. For this, note that D^, = 6* and that 

(La,U,u)g > A||Vu||g. 

If we assume that jj^v dp,g = 0, then we have by Proposition 4.6 that ||\/L^'y|| > 

_ 1 

g)||u|| uniformly in x. This shows the uniform boundedness for Lx 

Next, set v = ^/Lfw for w G P(Ag), we obtain that ||L 3 ;tc||g > k^Ai(A 1,g)^||tc||g. 

That is, ||L“^r(;||g < ||tn||g. Now, for u G T’(Ag) satisfying u dfig = 0, we have 

< 
rs_/ 

□ 


that w = 6u satishes w d/j,g = 0 and = L^ and so ||L^ ^M||g ~ ||L^ 
Iklli = ||0w||g = llwilg. 


With this tool in hand, we present the following regularity theorem. 

Theorem 4.17. Suppose that k>l and {x,y) i—)■ u)x{y) G C°’^(A1^) and x Ux ^ 
Moreover, suppose that {x,y) i—)■ rjxiy) G C°(A/' x M) and x h->• Pxiy) £ 
C\Af) where Z > 1 . If at x E Af, ipx solves (F) with ipx d/ig = Px d/ig = 0, 
the map x hA {rix,(Px) £ 

Proof. Fix V G T^-Al and assuming (da;(p 3 ;)(u) exists in T>(Ag), we obtain that 
{dxr]x){v) = {dxL)x){v)(px + L)x{dx(px){v). Thus, on writing 

h'x,v = {^xrix){v) - {dxL)x){v)^x 

and rearranging the previous expression, we note that {dxPx){p) exists as a solution 
to 'Dx{dxy:>x){v) = We further note that this PDF is again of the form (F). 

Fix a curve 7 : (—£, e) ^ M. such that 7 ( 0 ) = x and 7 ( 0 ) = v. Then, 

[ {dxVx){v) d/ig = [ ^li=od 7 (t) dPs f d/ig = 0 

simply by virtue of the fact that rjx dpg = 0 for each x. 

Next, note that by Proposition 4.12 

/ idxldx'){y)Px dpg ((djiDj.)l)g ((d2;CJ3,)(u)V(l))g 0 . 

J M 

Thus, we have shown that 7 ^ dpg = 0 and hence, by Proposition 4.7, we obtain 
that (da;(pa;)(u) G 72(Ag) C W^’^(Al) exists. 

Next, we show that x h-)■ {r]x,Px) is differentiable. For that, let us write f{x,y) = 
{Vx,Py)- By (t), we have that 

{dxf{x,x)){v) = {dxf{x,y)){v)\y^^ + dx{f{y,x)){v)\y^^ 
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when the limits exist. 

So, hrst for the hrst expression on the left hand side, 

{dxf{x,y)){v)\ = \im{Qlr]^,ipx) = {{dxVx){v),ipx)- 

^ S^i) 

For the second expression, 

{dxf{y,x))\y^J = {Vx,{dx(Px){v)). 


Now we show that the directional derivative is bounded in small neighbourhoods 
containing x. So, £x d A/" a coordinate chart containing x in which the vector v 
is constant in this chart. We note that it suffices to show that 

\{dx{Vx,^x)){v)\ <p{\\Vx\\, ||(dxhx)(^^)||), 

for a polynomial p since \\px\\ < C and ||(da;r 7 a;)(n)|| < C, where the constant C 
and the implicit constant depend on fl. This demonstrates that x ha {t]x, Px) is 
continuous at x with bounded derivatives, which in turn implies that this function 
is Lipschitz, and moreover that the differential exists almost-everywhere. 

Recall that by Proposition 4.7, = L* + c, where D~^6px dpg. Simi¬ 
larly, (d^(^^)(n) = + d where 4 = dpg. Hence, 

\{d^f{x,y)){y)\y^J\ = \ {yx,K^0px + Cx) \ < ||hx||||L7^%|| + ||c^||||%||. 

Now, note that by Lemma 4.16, Ilh^H, where the constant is uniform in 

X G A4, and that 

i L-^9y^ dfxg < \\L-^0y^\\ < \\y4, 

Jm 

which shows that ||ca;|| < ||?7a;||- Thus, 

l(dx/(a:, 2 /))(u)|y^^| < \\Vxf 
with the constant independent of x G Ad. 


We estimate the remaining term, 

\idxfiy,x))\y^J \ = \ {yx,K^0{d^y^){v) -L-^e{d^L^){v)px) + c'^)\ 

< \{Vx,K^9{d^y^){v))\ + \ {y^,l.-^e{d^'L^){v)p^)) \ + \ {d^,yx)\- 


Now, 

\{Px,K^d{dxyx){v))\ < ||r7,,|| + \\L-^e{d^yx){v)\\ < \\yx\\ + ||(d^r7x)(^^)||, 

and 


l(hx,L^^^(d^D,,)(u)[L^^% + c])| < llr^^ll + ||L^^0(d^D^)(u)L^ 

^ \\Vx\\ + ||(d^D^)(u)L7^0r7^||, 

again by Lemma (4.16) where the implicit constant is independent of x since (da;D 2 :)(u)c 
0 by the fact that Cx G Af(V). For the last term, note that 
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By these calculations, it suffices to show that ||(d 3 ;Da;)(u)L“^ 6 *r 7 a;|| < \\r]x\\, where 
the implicit constant depends on fl. In order to estimate this term, note that by 
Proposition 4.12 || (d 2 ,D 2 .)(n)M|| < ||AgM|| + ||m|| uniformly in a: G 11, and therefore, 

ll(dxD,,)(n)L-^%|| < ||AgL-^%|| + ||L~i%|| 

^ WVxW + WK^Ori^W + ||L~i%|| < \\ri^\\. 

To prove higher differentiability and continuity for x G TV, it suffices to repeat the 
argument upon replacing and mutatis mutandis, to solve for higher weak 
derivatives. It is easy to see that this procedure can only be repeated as many times 
as the minimum of the regularity of rjx and ojx- □ 


5. The flow for rough metrics with Lipschitz kernels 


In this section, we return back to the study of the main flow problem (GM). For 
the beneht of the reader, we recall the governing equations (CE) and (GM). 


Fix t > 0, X E M, and v G T^-Al, and recall the following linear PDE satisfying, for 

- diVg(pf(x,?/)V(pt,a:,t;(l/)) = (d^pf(a:,i/))(n) 

(CE) f 

/ d^g{y) = 0 . 


>M 


The flow of Gigli-Mantegazza dehned in [15] is then given by 

(GM) gt{u,v){x)= g{V^pt,xAy)y^t,x,v{y))pf{x,y)dfXg{y). 

J M 


We begin by establishing some a priori facts concerning the heat kernel of a rough 
metric. 


5.1. Heat kernels for the rough metric Laplacian. The Laplacian for a rough 
metric is the non-negative self-adjoint operator Ag = — diVgV, the operator as¬ 
sociated with the real-symmetric form J[u,v\ = (Vu, Vn)g. To be precise about 
the results we establish here, we recall the dehning features of heat kernels. We 
say that Pg : IR+ x M. x Ad is the heat kernel of Ag if it is the minimal solution 
pf : Ad X Ai ^ ]R>o to the heat equation 

dtplix,) = Agpf(x, •) 


(HK) 


hiiipf(a:, ■) = 63 


t-s>0 


where 5^ is the Dirac mass aX x E Ad, satisfying 

Pl{x,y) = pl{y,x), pf(T, 2 /) > 0 , and / pf(x,?/) dy^{y) = 1 . 


’M 


Given an initial uq E L‘^{Ad), we are able to write 


e ^^^uo{x)= / pl{x,y)u{y) dyg{y) 
Jm 
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for almost-every x G A4. 

The following guarantees the regularity properties of the heat kernel when it exists. 

Theorem 5.1. If the heat kernel for Ag exists, then for each t > 0, there exists an 
a > 0 such that pf G C"(A1^). 


This result is a direct consequence of Theorem 5.3 in [27] by Saloff-Coste, by rewrit¬ 
ing the Laplacian Ag as a divergence form operator with bounded measurable coef- 
hcients against a smooth background. 

Before we present the main theorem regarding the existence of the metric gt when 
the initial metric g is rough, we present the following two lemmas which allow us to 
assert the non-degeneracy of gt, when it exists. 

Lemma 5.2 (Backward uniqueness of the heat flow). Let Ut G L^(Al) be a strict so¬ 
lution to the heat equation dfUt = AgUt with hmt_^o x) = where S G 
is a distribution. If there exists some to > 0 such that Ut^ = 0, then Ut = 0 for all 
t > 0 and limt^o ■) = 0 in the sense of distributions. 


Proof. First, suppose that S = n G L^(Al). Then, u{t, x) = e and we note that 

where the second equality follows by the self-adjointness of Ag. Thus, at t = t^, we 
obtain that ||e“ 2 *o^gt!|| = 0 and by induction, = 0. Hence, 

V = hme“*^®n = lim = 0. 

t^O n^oo 


Now, for the case of an arbitrary distribution S, we note that for s > 0, Ut+s = 
and therefore, applying our previous argument with v = Ug, we obtain that 
Ms = 0 for every s > 0. Now, £x / G C“(A1), a test function, and since (■, ■) 
extends continuously to a pairing W“^’^(A1) x C“(A1), we obtain that 


That is, S = 0. 


0 


lim 

t-s-O 



Ut{x)f{x) d^g{x). 


□ 


Also, we have the following. 

Lemma 5.3. The function y h->■ pf{x,y) G T>(Ag) and for all t > 0, dtpf{x,-) = 
Agpf(a;, •) for each x G Ad. If 0 N is an open subset on which {x,y) h->■ pf G 
Qfc(^ 2 ) PI), then for every x G M andv G TxAA, U t {dxPt{x,y)){v) solves 

dt{dxpl{x, ■ )){v) = Ag(d^pf(x, ■ ))(m), lim(d^pf(x, • ))(m) = Dx,v, 
where G W“^’2(Ad) is given by D^^vf = {dxf){v). 

Proof. The fact that x HA- p^{x,y) G T’(Ag) and dtpf{x, ■) = Agpf(x, ■) for t > 0 is 
by dehnition that pf : Ad^ —)■ M+ is the fundamental solution to the heat equation. 
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First, note that 

■ ))(v) = d^(dtpl(x, ■ ))(v) = d^(Agpl(x, ■ ))(v). 

Now, fix M G T>{Ag) and, fix a curve 7 : {—e, e) ^ Af such that 7 ( 0 ) = t, 7 ( 0 ) = v, 
and observe that 


((dxAgpf(x, •))(u),n) 


idx\pl{x,y)){v)u{y) d^ig{y) 


M 



d 

ds 

A 

ds 



d 1 
ds 

s=o\PliAis),y)u 

{y) 

dfigiy) 

s=0 

/ Agpf(7(s),i/)M(i/) 

dfigiy) 


Jm 



s=0 

/ Pthis),y)Agu{y) 

dng{y) 

d 

ds 

Jm 



,=oPi(7(s),2/)Agn 

{y) 

dfigiy) 


{{dxplix,-)){v),Agu)g. 


This shows that u ha ((d 2 ,pf (t, • ))(n), Agu) = ((d^^Agpf (a:, • ))(n), M)g is continuous 
in u and hence (dj;pf(a:, • ))(n) G T>(Ag) and by a similar calculation, 

(^t(dxAgpf(a:, •))(^^),M)g = (Ag(d,,pf( t, • ))(^^), M)g- 

Since V{Ag) is dense in L^(A^), we obtain that (d 3 ;Agpf(x, • ))(n) solves the heat 
equation. 


Now, fix / G C“(>1). Then, 

liin / {dxpl{x,y)){v)f{y) dy,g{y) 
Jm 


lim 

t-5-O 


M 


lim 

t-s-o ds 

d . 


ds 

d 

ds 


s=0 


s=0 


d 

1 ds 

pf(7(s),2/)/(l/) 

df^giy) 

f 

ls=0 

pl{'y{s),y)f{y) 

dy^giy) 

Jm 



lim / 

pl{'y{s),y)f{y) 

dygiy) 

Jm 

fh{s)) 




(dx/)(T) 


□ 


In order to apply the elliptic tools we’ve described in the previous sections, we need 
to assert that pf{x,y) > 0. This is the content of the following lemma. 

Lemma 5.4. For each t > 0, there exist 0 < Aj, At < 00 such that Kt < pf{x,y) < 
At 


Proof. Arguing as in Theorem 5.2.1 in [11] by Davies, we obtain that pf{x,y) > 0 
for all x, 1 / G Ad. By the compactness of AA and since pf is at least continuous, we 
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obtain that 


= inf pf{x,y) = min pf(x, y) > 0, and 

x,y&M x,y£Ai 

Ai = snp pf{x,y) = max pf{x,y) < oo. 

x,y^J\4 x^y^Ai 

This completes the proof. 


□ 


5.2. The flow. We collate the resnlts we have obtained so far and present the 
following existence and regnlarity theorem for gt. Recall that in the hypothesis 
of Theorem 3.1, we assume that {x,y) h->• pf{x,y) G and that {x,y) i—)■ 

pl{x,y) e 


Proof of Theorem 3.1. First, we show that for each t > 0, x G Ai and v G TxAi, 
there exists a unique (pt,x,v ^ which solves (CE). By Lemma 5.4, we are 

able to apply Proposition 4.7 on setting Ux{y) = u{x,y) = pf{x,y) and ri{y) = 

MpKx,y))iv). 

The only thing that needs to be to be checked is that rj d/ig = 0. In order to do 
so, let 7 : J —)■ Ad be a curve so that 7 ( 0 ) = x and 7 ( 0 ) = v. Then, on noting that 

(dx(pf(a:,l/)))(n) = ^|,^opf(7(s),2/), 

we compute 

^ ^L=oPK7(s), 2/) = dpg 

where in the second line, we have used the dominated convergence theorem to in¬ 
terchange the integral and the limit involved in differentiation. Thus, on invoking 
Proposition 4.7, we obtain a unique solution ipt,x,v G W^’^(Ad) with (pt,x,v dfig = 0. 
It is easy to see then that gt is symmetric at each x. 

Next, we show that V(pt,x,v = 0 if and only if n = 0. Fix n 7 ^ 0, and recall Lemmas 5.2 
and 5.3 to conclude that (d 3 ;pf(x, • ))(n) 7 ^ 0 since limt_^o(clxPf (a;, • ))('y) = Dx,v 7 ^ 0. 
Since the solution provided by Proposition 4.5 is obtained by inverting the one-one 
operator L^ in Proposition 4.5, we must have that f)t,x,v ^ -^(L^) = 7V(V). It 
is easy to see that if n = 0, then (da;pf(a;, • ))(n) = 0 and hence, ipt,x,v = 0. This 
shows that gt{u,u){x) > 0 and gt{u,u){x) = 0 if and only if n = 0. That is, gt is 
non-degenerate. 

Furthermore, it is easy to see that, for a 7 ^ 0, ay:)t,x,v solves the equation (CE) with 
source term (da;pf(x, • ))(Q;n) and that, by linearity of the equation (CE), y:>t,x,v + 
Tt,x,u solves (CE) with source term (da;pf(a;, ■ ))(m -|- n). Hence, aipt,x,v = Tt,x,av and 
Tt,x,v + Tt,x,u = Tt,x,u+v That is, gt{au,v){x) = agt{u,v){x) and gt{u + v,w){x) = 
gt{u,w){x) + gt{v,w){x). Thus, gt is linear in the hrst variable. 
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By combining symmetry, non-degeneracy, and linearity in the first variable shows 
that gt{x) : x T^-Al —)■ M>o defines an inner product on and hence, a 

Riemannian metric. 

Regularity is then a simple consequence of Theorem 4.17 since |M|gj(a.) = Vx,u)) 
and the same regularity can be obtained for x i—)■ gt{u,v){x) via polarisation. □ 

6. Regularity of the flow for sufficiently smooth metrics 

In [15], the authors demonstrate that the flow gt is smooth for all positive times when 
starting with a smooth initial metric. We demonstrate a similar result but when the 
initial metric is assumed to be C*'’", where k > 1. Our approach is to demonstrate 
that we are able to localise our weak solutions and then apply Schauder theory to 
obtain higher [k + 1) regularity for the heat kernel pf. On applying Theorem 4.17, 
we are able to assert that gt remains C^. 

6.1. Higher regularity of the flow for heat kernels. First, we demonstrate 
that for a heat kernel that is everywhere, the regularity theorem (see Theorem 
4.17) improves from 0*^“^’^ to C^. 

Recall that = diVg(R6'a;a;)VM. We estimate the difference between such opera¬ 
tors. We hx / : X —)■ M differentiable with —A < f{x, y) < A where A > 0 
and for x,y ^ U, where U is an open set. Dehne E : U x U ^ M>o by 

^{X,y) = Wfx - fyWoc + ||V(/x -/j,)||oo, 

where ^ = /(x, •)• 

Lemma 6.1. Let {x,y) h->• fx{y) G C^(Al^) and let A > 0 such that —A < fx{y) < A 
for X E U, where U is an open set and all y E Ai. Define TxU = — divg fx^u with 
domain V{Tx) = V{Ag). Then, whenever u E 

\\TxU-TyU\\ < S(x,?/)||M||Ag. 

whenever x,y E U and where the implicit constant depends on U. 

Proof. Dehne Fx = fx + 2A and it follows that A < Fx < 3A on U x Ai. On 
setting SxU = — diVg FxVu, by Proposition 4.8, we obtain that V{Sx) = and 

SxU = FxAgU + giA/UyVFx). It is easy to check that TxU = SxU — 2AAgU and 
therefore, TxU — TyU = SxU — SyU. 

We compute, 

- VII < IK^x - WII + llg(Vw, V(F, - Fy)\\, 

but Fx — Fy = fx — fy, and hence, it follows that 

IIV - VII < ll/a, - /j/||oo||AgM|| -F ||V(/a; - /y) || oo || Vu ||. 

The estimate ||Vm|| < ||M||Ag is trivial, and so the claim is proved. □ 

We have a similar result for the resolvents L~^ on the range of the operator Lx. 
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Lemma 6.2. Suppose that {x,y) h-)■ 0Jx{y) G and letui,U 2 G L^(A^) satisfy 

Im djig = U 2 dy,g = 0. Then, 

||L“^mi - T~^U 2 \\ < E{x,y)\\ui\\ + ||mi - U 2 \\. 

The implicit constant is independent of x and this expression is valid for all x,y E 

M. 

Proof. First note that for v G F>(Ag) = Vih^), 

||L^n - Lj^nll = ||6'(Dj,n - Dyn)|| < ||D^n - Dyn|| < S(a;,|/)||n||Ag 
by invoking Lemma 6.1 with U = M.. 

Now, £x M G L^(Al) with m dyg = 0 and note that = L”^(LyL“^)M = 

(L-iL,)L-i)«. Also, = L-iL.L-i u since the resolvent and operator commute 
on its domain. Thus, 

||L“^m — L“^m|| = ||L”^LyL“^M — L“^L3 .L“^m|| = ||L”^(Ly — L2 ,)L“^m|| 

< ||(Lj^ - L,,)L-1 m|| < E{x,y)\\L-^u\\A^: 

since by Lemma 4.16, we have that ||L“^m|| < ||m|| independent of x. By Proposition 
4.10, we obtain that ||n||Ag — IIl’IId^, independent of y and that ||n||Dj, — IIl’Hlj,- 
Hence, on setting v = L“^m, we obtain that ||L“^M||Ag ^ ||m||. 

Now, for ui and U 2 as in the hypothesis, 

WK^Ui - L-^Mall < WK^Ui - L-Vll + \\l-f\ui - U2)\\ 

< E{x,y)\\ui\\ + \\ui - U 2 \\. 

□ 


With the aid of these two lemmas, we improve the regularity from Theorem 4.17 as 
follows. 

Theorem 6.3. Suppose that {x,y) h-)■ 0Jx{y) G C^(Al^) and that x ^ ujx E 

for k>l. Moreover, suppose that {x,y) h-)■ rjxiy) G C°(7V x A4) and that x ^ rjx E 

C\j\f) for I > 0. If at X E Af, (fx solves (F) with ipx dfVg = rj dy^ = 0. Then, 

{Vx,Tx) G 


Proof. First, suppose that I = 0. Then, we show that x h->• {px^Tx) G C°(A/'). For 
that, note that 

KPx^Tx) - {Py,Ty) \ <\(Px- Py,Tx) \ + \ {Py,Tx “ Ty)\ 

< llhx -hyllllT’xll + IlhyllllV^x - V^yll- 

Since we assume that {x,z) i—)■ Px{z) E C°(A/' x M), the same is true for {x,z) G 
U X AA, where U G Af is a. compact set with nonempty interior containing x and 
hence, {px — Py) can be made small. Now, the term ipx = ^f^dpx — L~^6px d/j,g 
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and hence, it suffices to show that \\L^^6r]x — ljy^6rjy\\ can be made small. For this, 
note that 

-^y^drjyW ^ S(a^,l/)llhx|| + WVx-riyW 

by Lemma 6.2, and hence, this term can also be made small when y is sufficiently 
close to X. 

Next, we note that by bootstrapping, it suffices to consider the situation where 
fc, Z = 1 and we note that Theorem 4.17 gives us that x h->• {rix,^x) has a bounded 
derivative. All we need to prove is that this derivative is continuous. 

We recall that, via the product rule for the weak derivative, we write inside a chart, 

V^a;)) ((^iha:) T^a;) T 

and hence, we show that each term of the right hand side is continuous. 

Fix x,y E U G M. open , where {'ipyU) is a chart with U CU compact. Then, we 
have 

{dir]x, ^x) - {diVy, (Py) < {di7]x - diT]y, ifx) + {dir]y, ipx - (Py). 

Now, since x i—)■ is by assumption, \\di7]x — dirjyW can be made small. 

In the continuity case, we have already shown that — (py\\ can be made small, 
so we consider the next term 

(ha:) ^i’px) (hy) ^i’py) {Vx Vyy di'px) "h (hj/) ^i’px ^i’py) • 

Now, it is easy to see that the hrst term on the right hand side is trivially continuous 
because \\r]x — VyW can be made small. The continuity for the second term follows 
by showing that \\diipx — can be made small. Recall that diipx = — 

where = diy^ — {dJ^x)p>x- Thus, it suffices to prove that \\L~^6r]'^ ^ — 
'Ly^dT]'yi\\ can be made small. By Lemma 6.2, we have that 

\\K^0rix,i - l-y^9r]y^i\\ < 'E{x,y)\\r]xA\ + \\Ly^9{rix,i - VyAW 
Hence, we are reduced to proving that Hr/R — j can be made small. 

Now, note that {diT)x)p>x = {diDx)^x^9r]x since (c?iD„)(f^ d/ig) = 0 and 

thus, 

Ux,i - 9'yA\ < \\diVx - di^yW + \\{diY)x)K^9yx^ + {diDy)h-^9yy\\. 

It is easy to see that the hrst term can be made small, so we only need to show that 
the second term can be made small. Now, 

< ||[(S,DJ - (S,D,)|L-‘«tfe|| + ||(a.D„)(L;‘»rfe - 

and by Lemma 6.1, we have that 

II- {diT)y)\h-^97]x\\ < S(x,i/)||L7^%||a, < ^{x,y)\\yAV 
For the remaining term, as in the proof of Lemma 6.2, we write, 

K^9yx - ^y^97]y = h~^{hx - Ly)L-^% + hy^9{yx - %), 
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and since || (9iDy)L^ ^|| < 1 uniformly in x and y inside U and since U is compact, 
we have that 

\\i9iI)y){L-^T]^ - L-^eT]y)\\ < \\{L^ - 4)L-^%|| + \\L-^e{r]^ - T]y)\\ 

< S(x,?/)||L-l%||Ag + \\Vx-Vy\\ ^ ^{x,y)\\Vx\\ + WVx-VyW- 

This is again a quantity that can be made small. This shows that x ha rj^^i is 
continuous and to show that the (min {fc,/})-th derivative can be made continuous 
for fc, / > 1 is obtained via a bootstrapping of this procedure. □ 

Remark 6.4. Showing higher derivatives are continuous is a rather tedious task. 
One considers the expression solving for a second derivative (when there is sufficient 
regularity in x ^ and x ha rj^) given by 

Oxdjdi^px djdjVjx {djdjOx)’^x idiJ^x')dj'Px idjOx')di'px- 

The first term on the right hand side can be handled easily. The second term follows 
from a similar estimate as in Theorem 6.3, because {djdiDx) is a divergence form 
operator — divg{djdiUx)'Vu, whose coefficients satisfy —Ajj < Ux{y) < Ajj for x,y ^ 
U, an open neighbourhood of x for which U C Af. The remaining two terms can also 
be handled similarly on writing djipx and di^px as a solution via the resolvent terms 
to relate back to rj^ ^ and to rjx. 


As a corollary, we obtain an improvement of the regularity of the flow for heat 
kernels. This is the statement of Theorem 3.2, which is readily checked to be a direct 
consequence of Theorem 6.3. 


6.2. Heat kernel regularity in terms of the regularity of the metric. In this 
subsection, we relate the regularity of the heat kernel to the regularity of the metric. 
We first prove the following important localisation lemma. 

Lemma 6.5. Suppose that diVgAVw = f, foru G and f G Then, 

for each x E AA, there is an r > 0 and a chart fj : U ^ Br{x') where x' = fj^x) and 
such that on fl = 'A~^{Bi/ 2 r{x')), 

div|,o ABOVu = Of 

in L^(r2,g), where g = f)*5, the pullback of the Euclidean metric in Br{x'), dpg = 
6 dg and g{Bu,v) = g{u,v). Moreover, this eguation holds if and only if 

divRn^Bi/ 2 ,(x') ABOVu = Of, 

where f, = o where y is a smooth cutoff which is 1 on Bii 2 r{x), and 0 

outside i? 3 / 4 r(x). 


Proof. Fix V G C“(r2). Then, for u G 'D(diVg), we have that 

(diVgM,n) = {u,Vv) = (m, Vn)L2(o,g) = Vn)L2(n,i)- 

Since this holds for any such v G C“(r2), it follows that BOu G T>(diVg^Q) and hence 
(R6'm, Vn)L2(o,g) = (6'“MiVg,nR6'K,'y)L2(o,g). 
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Thus, diVgAVu = / implies that (divgAVu,u) = {f,v) for all v G C“(r2) and 
hence, ABOVu = Of in L^(r2,g). Since r] and ip induces a bijection between 

C“(Bi/ 2 r) and C“(r2), it follows that ABOVu = Of. □ 

When the metric is sufficiently regular (i.e. at least Lipschitz), we are able to write 
solutions to the Laplace equation in non-divergence form. 

Lemma 6.6. Let fip, U) he a chart near x with f){U) = Bii 2 r{x'), and suppose that 
g G where a = 1 if k = d and otherwise, for /c > 1, a G [0,1]. Then, inside 

m), _ 

AgM(|/) = {y)didju{y) dj(A^^0)diU, 

for almost-every y G Bi/ 2 r{x'), where f is the notation from Lemma 6.5. The coeffi¬ 
cients A^fO,dj{A^^) G for k >1. Otherwise, A^O0,dj{A^^) G L°°{Bi/ 2 r{x')). 


Proof. This is simply a direct consequence of Theorem 8.8 in [17]. This formula is 
precisely the one written in (8.18) in their theorem. □ 

Next, we obtain the hrst increase in regularity which allows us to initiate a boot¬ 
strapping procedure. 

Lemma 6 . 7 . Let [fj, U) be a chart near x and'ip^U) = B^. Suppose that g G C^’“(f/) 
for k > 1 and a G [0,1] and suppose that u G and f G satisfy 

AgU = /. If f ^ ^^{Brix')), then u G C^’"(i?i/ 4 r(T')). Moreover, G C^’"(f2) 
where hi = '0“^(i?i/4r(a;')). 

Proof. First, set r’ = l/2r, and invoke the localisation from Lemma 6.5. Note that 
this equation diV]Rn^^^^^^,( 2 ,/) y4i?6'Vtt = Of is in divergence form, and since Of G 

C“(i?3/4r'(a:'))) have that Of G L'?(i? 3 / 4 r/(x')) for any q > n. Hence, we can 
invoke the elliptic Harnack estimate from Theorem 8.22 in [17] to obtain that u G 
C^{Bii 2 r'{x')) for some /3 > 0 . 

Next, we invoke Lemma 6 . 6 , to write 

A^^{y)d,d,u{y) + d^{A^=mu = Of, 
inside Bi/2r'{x'). Then, note that u solves 

Lu = Of, with u = (p E C^{dB3/sr'{x')), 

where L has coefficients and Of G C“(i? 3 / 8 T-'(a:')) simply on setting p> = u on 

dB^/srfx') C Bi/2r'{x') on which we have already proved that u is and hence, 
continuous. 

Thus, we can invoke Theorem 6.13 in [17] to obtain that u G C^’“(i7i/2r'(^0)- By 
the dehnition of u, and on noting that r' = l/2r, the conclusions for follow. □ 

With these tools in hand, we prove the following main theorem of this section. By 
fL we denote the a priori regularity of the heat kernel obtained from Theorem 5.1. 
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Theorem 6.8. Let g G C^’“(A/'), where 0 ^ M is an open set and where k>l and 
a e [0,1]. Then, pf G {N"^),where fd = min{a,/3'}. 

Proof. By the regularity of g, we know that the heat kernel exists and that it is at 
least for some /?' > 0 by Theorem 5.1. 

Fix z G A4 and set u(y) = pf(y,z) and f(y) = dtpf(y,z). Now, £x a chart 

near x E Af so that U <Z M and Br{x') = ip{U) 

We proceed by applying Theorem 6.17 in [17]. Dehne ft = min{/3',a}. First, let 
us apply the initial bootstrapping lemma. Lemma 6.7 to conclude that, in fact, 
G where fl = This shows that that u G C^’^(A/') and 

by the symmetry of the heat kernel, we obtain that pf G C^’^(A7^). Thus, we have 
shown that the conclusion holds for k = 1. 

Now, in the case that fc = 2, we have that the operator L as dehned in the proof of 
Lemma 6.7 has C^’"-coef£cients. Therefore, since we have that G 

and, in particular, u\^,f\^ G by what we have just done. Theorem 6.17 in 

[17] yields that G 

Now, to proceed by induction, suppose we have that u G and the metric 

g G C^’". Then, / G and the coefficients of L are Hence, Theorem 

6.17 in [17] gives that G That is, pf G C^+^’^(A7^). □ 

7. RCD(iF, iV) SPACES AND SINGULARITIES 

In this section, we hrst demonstrate that the flow dehned by (GM) is equal to the 
how that Gigli and Mantegazza dehne for RGD(iF, A^) spaces in [15]. In fact, for 
a smooth initial metric, they verify this fact in their paper. We ensure that this is 
true in our more general setting on an admissible region. 

We then consider the how dehned as (GM) on manifolds with geometric singularities 
away from the singular region. The correspondence we establish between this and 
the how of RGD(iF, iV) dehned by Gigli-Mantegazza then allows us to assert that 
this how can be described by an evolving metric tensor away from the singular region 
for certain g^-admissible points. 

7.1. Correspondence to the flow for RGD(iF, A^) spaces. First, we recall some 
terminology that will be essential for the material we present here. Let (T, d, y) be 
a compact measure metric space, and denote set of probability measures by ^(T). 
This set can be made into a metric space under 

W 2 {r', cr)^ = inf < / d(a;, y)"^ dvr : tt is a transport map from u to a 

[.JxxX 

where by transport map, we mean that 7i{A xX) = z/(y4) and 7i{X xB) = (t{B). The 
metric W 2 is the Wasserstein metric and the space (.^^(A’), H^) is the Wasserstein 
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space. An important feature is that, when d is a length space, so is (^(A), IV 2 ) and 
when d is a geodesic space, then the same property holds for (^(A), 1 ^ 2 )- 

In their paper [15], the authors demonstrate that the flow dehned by (GM) for initial 
smooth metrics coincides with a flow which they dehne as a heat-flow in Wasserstein 
space. Namely, they demonstrate that 

where = pf ( 7 ^, ■) dp. and where |z>s| is the W 2 metric speed of the curve Ug- 

In the following theorem, we verify this is indeed the case when (A4, g) with g rough 
and inducing a distance metric satisfying an RCD(A', N) condition. The proof is 
essentially the same as in the proof of Theorem 3.6 in [15], which in turn relies on 
the uniqueness of solutions of the continuity equation stated as Theorem 2.5 in [15], 
when the underlying space is a Riemannian manifold with a smooth metric. The 
proof of their Theorem 2.5 fails to hold in our setting as they resort to Euclidean 
results via the Nash embedding theorem which we are unable to do given the low 
regularity of our metric. 


Moreover, we note that the set A/” may not be convex with respect to gt- Recall 
that two points x,y & Ai are gt-admissible if for every absolutely continuous curve 
7 : / —j- Ad with 7 ( 0 ) = X and 7 ( 1 ) = y, there is another absolutely continuous 
curve 7 ' : / —)■ Ad with 7 '(s) G Af for s-a.e. for which idtil') < ^dt( 7 ) where 




l7(s)l 


I ds 


\.JM / 

and where | 7 (s)|dt is the metric speed of the curve computed with respect to d*. 
With this terminology at hand, we present the following important theorem. 


Theorem 7.1. Let (Ad,g) be a smooth manifold with a rough metric and suppose 
that g induces a length structure such that (Ad,dg, d/ig) is RCD(A', A^). Let gt be 
the flow given by Theorem 3.1 on an open subset 0 7 ^ Af. Suppose s ^ 'fg ^ AA 
is an absolutely continuous curve between two admissible points x,y E AA for which 
7 ( 5 ) G N for s-a.e. Fix t > 0 and define 

■= pf(7., ■ )dpg = Ht , 

where Ht denotes the heat flow and z/ 0 , 7 ^ = the delta measure at 7 ^. Then, 
s ^ Ug is absolutely continuous with respect to W 2 and for s-a.e., 

gtiAs^As) = \hg\‘^- 


Moreover, 




inf 

7(s)eM s—a.e. 



ds. 


Proof. The absolute continuity of Ug follows from absolute continuity of % and the 
contraction property of the heat flow in spaces with curvature bounded below. From 
Theorem 3.1, we know that there exist a family fjt,-is,is ^ W^’^(Ad) solving the 
following equation (in the sense of distributions) 

- divg pf(7„ ■ )ViJt,-is,is = dx(pf(7s, ■))(%) 
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Now, we note that Ug has bounded compression i.e. Ug dpg and since we assume 
that (A^, dg, d/ig) is an RCD(i^, iV) space, the Sobolev space W^’^(Al) is Hilbert. 
So applying Proposition 4.5 in [14], we have 

|d<j| — II 

which in turn means that 

^dug = gt (%,%) ■ 

As a direct consequence, we get 

ds : 7 (s) G A/" s-a.e. joining x and y 

Notice that the right hand side the equation above is the dehnition of distance given 
by the flow (GM). So the proof is complete. □ 

With this theorem at hand, and on collating results we have obtained previously, 
we give the following proof of Theorem 1.1. 


d^ 


gt 


(x, y) = inf 

7 



Proof of Theorem 1.1. Since we assume that (Al,dg,d/rg) is an RCD(iP, iV) space, 
we know from Theorem 7.3 in [2] that pf G C°’^(A1^). Moreover, we assume that 
g G C^(A1 \ S) for /c > 1, and since 5 S A1 is closed, A1 \ 5 is open, and so we 
apply Theorem 6.8 to obtain that pf G C^+^(A1^). By the assumptions we’ve made, 
fc + 1 > 2 and hence, we invoke Theorem 3.1 to obtain the conclusion. Moreover, by 
Theorem 7.1, we are able to assert that di(x, i/) is induced by gt for g^-admissible 
points x,y E Ai. □ 


7.2. Witch’s hats and boxes. In this section, we prove Corollary 3.6 and 3.7 from 
§3.2. 

First, we note the following theorem that will make our constructions easier. 

Proposition 7.2. The gluing of two Alexandrov spaces via an isometry between 
their boundaries produces an Alexandrov space with the same lower curvature bound. 
Moreover, such a space is an RCD(iF, iV) space. 


Proof. The hrst part of the Proposition concerning the gluing of Alexandrov spaces 
is in [25] by Petrunin. The curvature bounds of Lott-Sturm-Villani follow from [26] 
by the same author. That an Alexandrov space is RCD is due to [19] by Kuwae, 
Machigashira, and Shioya. □ 


With this tool in hand, let us hrst consider the case of the box. Let 

n+1 

/I / I 

TDn _ o 

2(n + l)’V 2(n + l) 
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and G : —)■ S"" C be the radial projection map defined by 

G{x) = 

fI 

We have -B” C ®o(l) which means that G is an expansion and hence 

dsn {x, y) < dsn {G{x),G{y)) < \/ 2 (rrTI)dBn (x, y). 

The second inequality follows from the fact that S” C [—1, Putting these 

together, we deduce that G~^ : S"' —)■ is Lipschitz and that the Lipschitz constant 
of G~^ satisfies Lip(G'“^) < 1. 

Immediately, by Proposition 7.2, we obtain the proof of Corollary 3.7. 


Proof of Corollary 3. 7. By Proposition 7.2, we obtain that B^ is an RCD(0, n) space. 
Moreover, it is easy to see that the Riemannian metric induced via G coming from 
the sphere is smooth on B away from the edges and corners. Thus, we can apply 
Theorem 1.1 to obtain that the Gigli-Mantegazza flow for d^ is given, for gt admissible 
points, by the smooth metric g*. □ 


Next, let us consider the Witch’s hat sphere. We follow the Example 3.2 from [20] 
Let if : [0, vr] —)■ [0, 2] be a smooth cut-off function with 


(p(r) = 0 , for r G 


vr 


“•4 


and (p(r) = 1 , for r G 


dvr 

T’ 


vr 


and such that 

\p'ir)\ < 1/10 

Let 

/(r) := ip{r) 

Now take the metric gwitch = dr"^ + fi^Yss^- 

The identity map Id : gs^+i) —>■ gwitch) is bi-Lipschitz as a map between 

two metric spaces and possesses a geometric conical singularity at one pole. 


^ (1 — (p{r)) sin(r) 


Proof of Corollary 3.6. The cone is obtained by gluing the following pieces via isom¬ 
etry between their boundaries. Let 


r 771 


77 

377 


377 

hd 

Xf S"", A2 — 

_4’ 

T_ 

X j S" and A3 = 

1 - 

' 

1 _ 


Then, Ai is a spherical cap with constant sectional curvature equal to 1. Hence, it 
obviously is an Alexandrov space. Furthermore, A 2 is a smooth warped product with 
bounded sectional curvature and therefore it is also Alexandrov. Lastly, A 3 is the 
standard cone with cross sectional diameter < tt which is known to be Alexandrov 
by [ 8 ]. So, by Proposition 7.2, we obtain that it is an RCD{K, N) space. 
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Moreover, since the metric gwitch has a geometric conical singularity at one point, 
and it is smooth away from that point, by Theorem 1.1, we obtain that the Gigli- 
Mantegazza flow d* is induced everywhere by the metric gt, which is smooth every¬ 
where but at the singular point. □ 
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